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Singular value analysis of the Jacobian matrix in
microwave image reconstruction

Qianqian Fang, Paul M. Meaney,Member, IEEE,and Keith D. Paulsen,Member, IEEE

Abstract— For non-linear inverse scattering problems utiliz-
ing Gauss-Newton methods, the Jacobian matrix encodes rich
information concerning the system performance and algorithm
efficiency. In this paper, we perform an analytical evaluation of
a single-iteration Jacobian matrix based on a previously derived
nodal adjoint representation. Concepts for studying linear ill-
posed problems, such as the degree-of-ill-posedness, are used
to assess the impact of important system parameters on the
expected image quality. Analytical singular value decomposition
(SVD) of the Jacobian matrix for a circular imaging domain is
derived along with the numerical SVD for optimizing imaging
system configurations. The results show significant reductions
in the degree-of-ill-posedness when signal frequency, antenna
array density and property parameter sampling are increased.
Specifically, the decay rate in the singular spectrum of the
Jacobian decreases monotonically with signal frequency being
approximately 1

3
of its 0.1GHz value at 3GHz, is improved

with antenna array density up to about 35 equally-spaced
circumferentially positioned elements and drops significantly with
increased property parameter sampling to more than twice the
amount of measurement data. These results should serve as useful
guidelines in the development of design specifications for an
optimized hardware installation.

Index Terms— Jacobian matrix, microwave imaging, singular
value analysis, Zernike polynomial

I. I NTRODUCTION

For inverse scattering problems involving high-contrast or
large targets, reconstruction methods based on linear assump-
tions such as the Born or Rytov approximations [1] are
insufficient to produce accurate solutions [2]. In these situa-
tions, iterative approaches, for example the distorted Born [3]
and Gauss-Newton methods [4], [5] (proven to be equivalent
in [6]) are more appropriate in correctly accounting for the
nonlinearity in the electromagnetic property-field relationship.
Microwave tomographic imaging [7] recovers the dielectric
properties, i.e. the permittivity and conductivity, by interrogat-
ing the region of interest with microwave signals and utilizing
the measured response to estimate the property distribution.
Microwave imaging is seemingly a very promising alternative
to traditional medical modalities because it is non-ionizing and
the biological tissue can present far greater normal/malignant
property contrasts [8]. As a consequence of the high-contrast,
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iterative image reconstruction is needed to recover the di-
electric property distributions in various microwave imaging
applications [7], [9]–[15].

Iterative microwave image reconstruction essentially con-
verts the nonlinear problem into a series of linearized steps.
The unknown dielectric properties are initialized by a reason-
able estimate and are updated iteratively based on solutions
to a linearized property-field relationship [5]. Consequently,
the equation producing the updates plays a central role in the
reconstruction process. Specifically, the final image is gov-
erned by the series of solutions generated from this equation
over the sequence of iterations. In the case of Gauss-Newton,
the update equation involves the measurement data, parameter
update and a sensitivity map in the form of the Jacobian ma-
trix. Analysis of the update equation, especially the Jacobian
matrix, is of great importance in understanding the behavior of
the reconstructor and assessing the performance of the imaging
system. More importantly, these insights may be useful in
optimizing the measurement system. The principal questions
we are interested in exploring with this analysis include:

1) Identification of the metrics that reasonably characterize
the performance of the imaging scheme.

2) Assessment of the resolution limits and the factors that
impact it.

3) Assessment of the influence of measurement noise on
the final image.

4) Optimization of system parameters (such as operating
frequency, source/detector number and spatial arrange-
ment, etc.) that yield the highest image quality.

Because of the nonlinearity involved, analyzing the property
update over the entire sequence of iterations is quite chal-
lenging. However, the update equation for one iteration can
be explored quite conveniently. Although the single-iteration
update equation is linear, it does provide a certain measureof
the recoverability of the target for a given measurement con-
figuration and associated inversion algorithm. Moreover, the
overall performance of an iterative method can be reasonably
inferred from the single-iteration analysis.

For a general linear system expressed asAx = b, singular
value decomposition (SVD) of the left-hand-side matrix,A,
has been shown to be a powerful tool for studying the internal
structure of the coupled linear equations: the left singular
vectors of A provide the basis set over which the right-
hand-side vector,b, is factored; the right singular vectors
of A are the basis modes required to form the solution,
x; and the singular values, or the singular spectrum, ofA
provide a native measure for ranking the importance of these
bases in solving the equation [16]–[18]. This decomposition0000–0000/00$20.00c©2005 IEEE
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is especially advantageous whenA is ill-conditioned, which
is often the case in nonlinear image reconstruction where the
mathematical problem is ill-posed. The conceptual simplicity
of the SVD facilitates its increasing use in the theoreticalanal-
ysis of linear ill-posed problems and its potential extrapolation
to nonlinear systems. For imaging applications, Brander and
DeFacio studied the SVD of the inverse Born operator for a
single step reconstruction from a homogeneous background
and far field assumption [19]. In their investigation, the SVD
of the discretized inverse Born operator was computed using
a generalized description. Hori also derived a reconstruction
algorithm based on the SVD of the Green’s matrix [20]. Bucci
et al. studied the degrees-of-freedom for electromagnetic in-
verse scattering where the SVD of the forward operator was
involved [21], [22]. For forward problems, Nelson and Kahana
used the SVD of the Green’s matrix to analyze the basic
modes in terms of spherical harmonics in acoustic scattering
problems [23].

In this work, we approach the SVD analysis of the Gauss-
Newton reconstruction in tomographic microwave imaging in
a similar vein to [19], i.e. we focus on the SVD of the
single-step update equation from a homogeneous background
estimate. However, there are several significant differences: 1)
the decomposition process in our study is based on a discrete
adjoint form of the Jacobian matrix as described in [24], 2) the
near field imaging problem with localized source illumination
is considered, 3) the analytical form of the decomposition
which follows the process outlined in Nelson and Kahana [23]
is explicit to single-domain microwave imaging, and 4) a
numerical SVD analysis is presented to assess the impact
of various system parameters including operating frequency,
source/receiver number and background contrast on the sin-
gular spectrum of the sensitivity (Jacobian) matrix and by
implication the expected image quality. The advantage of the
approach is that we can quickly identify the influence of these
parameters on the degree-of-illposedness, and hence, infer the
likely image outcome without actually reconstructing complete
images for each parameter set. This is a substantial savingsin
the time and effort required to explore the complete parameter
range that would be necessary to fully characterize imaging
performance. However, it is also important to recognize that
changes in the singular spectrum cannot be directly relatedto
image outcome measures such as spatial resolution because
of the algorithmic complexities (i.e. nonlinearities) associated
with the computational tasks involved.

In the remainder of this paper, a brief introduction to
the Gauss-Newton update equation and construction of a
discrete adjoint form of the Jacobian matrix is provided in
Section II-A. In Section II-B, the analytical decomposition
of a single-iteration Jacobian matrix is illustrated. Because
a circular domain with equi-spaced antennas is frequently
used for tomographic imaging, the analytical SVD for this
case is discussed in Section II-C. For assessing the impact of
different system configurations, a metric is constructed from
the numerical singular value spectrum of the Jacobian matrix
and is computed for a series of typical cases (Section III)
to facilitate system parameter optimization. Conclusionsfrom
this study are summarized in Section IV.

II. T HEORY

A. Discrete adjoint form of the Jacobian matrix

The reconstruction problem in microwave imaging is es-
sentially a nonlinear optimization. Using the least-square cri-
terion, the form of the optimization can generally be expressed
as

min
k2(~r)

||E(~r, ω, k2(~r)) − Emeas(~r, ω)||22 (1)

whereE is the computed electric field andEmeas is the field
measurement,~r denotes a spatial vector,ω is the operating
frequency,k2(~r) = ω2µ0ǫ0ǫr(~r) − jωµ0σ(~r) is the squared
complex wavenumber containing the unknown relative per-
mittivity ǫr(~r) and the unknown conductivityσ(~r) (assuming
time-dependenceexp(jωt)). ǫ0 andµ0 are the permittivity and
magnetic permeability of free space, respectively.j =

√
−1

is the imaginary unit.
Solving the optimization problem (1) with the Gauss-

Newton method in conjunction with an appropriate discretiza-
tion scheme, the update equation for the dielectric properties
at thei-th iteration can be written in the form:

(JT J + λI)(k2
(i) − k

2
(i−1)) = JT (E(i) − E

meas) (2)

whereE (of lengthQ) andk
2 (of lengthP ) are the discretized

vectors for electric field and dielectric property, respectively;
J represents the Fréchet derivative betweenE andk

2 and is
referred to as the Jacobian matrix. The termJT J , called the
Gauss-Hessian matrix, is ill-conditioned in most cases andthe
scalar constantλ multiplied by the identity matrixI is used
to regularize the system to produce numerically meaningful
solutions (this scheme is often referred to as the standard
Tikhonov regularization for linear ill-posed problems).

Equivalently, (2) can be solved by the truncated SVD
(TSVD) solution of the following equation

J(k2
(i) − k

2
(i−1)) = E(i) − E

meas (3)

If the SVD of J can be constructed, the solution to (3) can
then be obtained in a straightforward manner [18] by writing

J = UΣV T (4)

where U = {u1,u2, · · · ,uP } ∈ C
Q×P and V =

{v1,v2, · · · ,vP } ∈ C
P×P are both column orthogonal ma-

trices, i.e. UHU = V HV = I. Σ is a diagonal matrix
with non-negative real values arranged in decreasing order,
i.e. Σ = diag

(

{σi}P
i=1

)

with σ1 ≥ σ2 ≥ · · · ≥ σP ≥ 0.
Vectors ui and vi are referred to as thei-th left and right
singular vectors, respectively, whileσi is the i-th singular
value. The sequence{σ1, σ2, · · · , σn} is referred to as the
singular spectrum ofJ .

In [25], we derived a discrete adjoint form of the Jacobian
matrix over a general dual-mesh configuration based on finite
element treatment of the underlying equations. By recondi-
tioning the weighting matrices, we further obtained a more
succinct, albeit slightly approximated, formula for computing
the Jacobian matrix, i.e. the nodal adjoint method [24]. With
this method, the Jacobian matrix for a point source imaging
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system (discretized by linear Lagrange elements) can be
written as

J((s, r), τ) =
∑

n∈Ωτ

(

∑

e∈Ωn
Ve

M

)

ϕκ(~rn)Es(~rn)Êr(~rn)

(5)
whereJ((s, r), τ) is an element ofJ representing the sensi-
tivity of the measurement at ther-th receiver with respect to
perturbations of theτ -th property parameter under illumination
from the s-th source.Es and Êr are the associated field
distributions with respect to illumination at thes-th source
and ther-th receiver, respectively.Ωτ is the spatial union of
the parameter mesh elements which share theτ -th parameter
node.

∑

n∈Ωτ
refers to the summation over the field points

(nodes in the field mesh associated with the finite element
discretization) which fall insideΩτ whereas

∑

e∈Ωn
refers

to the summation over the corresponding mesh elements that
share then-th field node.Ve is the element volume or area;M

is the number of nodes per element. The term
(

∑

e∈Ωn
Ve

M

)

is
a scalar quantity associated with then-th field node which
can be rewritten asVn and considered to be the effective
volume of noden. It should be noted that this definition is
essentially a weighted inner product of field distributionsdue
to illuminations at the two antennas. This technique has been
shown to be accurate and much more computationally efficient
than previous computationally exact strategies [12], [25].

B. Analytical SVD of the Jacobian matrix

The nodal adjoint formula (5) provides a simple but mean-
ingful representation of the Jacobian matrix. For a uniform
single-mesh, i.e. where the field and property parameter
meshes are identical and the nodes are evenly distributed (for
each node, their effective volumesVn (n = 1, · · · , P ) are
approximately identical, denoted asV ), the Jacobian matrix
can be written as

J = V B (6)

where the ((s, r),τ )-th element of matrixB is given by

b(s,r),τ = E(~rτ , ~rs)Ê(~rτ , ~rr) (7)

In (7), (s, r) represents a transmitter/receiver pair wheres is
the index of the source andr is the index of the receiver.τ
is the index of the property parameter whileE(~rτ , ~rs) and
Ê(~rτ , ~rr) are the electric fields at nodeτ due to sources at
either ~rs or ~rr, respectively. For simplicity, we use a single
index ν to represent all possible (s, r) pairs and a one-to-one
mapping is established [26] denoted asν : {1, 2, · · · , Q} →
(s, r) whereQ is the total number of combinations. Thus, (7)
can be re-written as

bν,τ = E(~rτ , ~rν:s)Ê(~rτ , ~rν:r) (8)

whereν : s andν : r are the corresponding source and receiver
indices in theν-th pair, respectively.

For the microwave imaging case, the receivers and sources
are both represented as point elements, therefore, the fieldEs

and Êr can be expressed in terms of Green’s functions, i.e.

E(~r, ~rν:s) = η × g(~r, ~rν:s)

Ê(~r, ~rν:r) = g(~r, ~rν:r)
(9)

whereη is a constant denoting the source strength. Substituting
(9) into (7) and subsequently into (6), the Jacobian can be
expressed as

J = ηV









g(~r1, ~r1:s)g(~r1, ~r1:r) g(~r2, ~r1:s)g(~r2, ~r1:r) · · · g(~rP , ~r1:

g(~r1, ~r2:s)g(~r1, ~r2:r) g(~r2, ~r2:s)g(~r2, ~r2:r) · · · g(~rP , ~r2:

· · · · · · · · ·
g(~r1, ~rQ:s)g(~r1, ~rQ:r) g(~r2, ~rQ:s)g(~r2, ~rQ:r) · · · g(~rP , ~rQ

(10)
It is interesting to note, from (10), the curves satisfying

g(~r, ~rs)g(~r, ~rr) = c (11)

(i.e. rows of J) can be generated for different constantsc
which depict isocurves (or isosurfaces) with respect to the
sensitivity to specific parameter perturbations. For certain
special cases, we have plotted the iso-sensitivity curves and
surfaces in the Appendix.

In order to decompose the matrix in (10), the approach
developed by Nelson and Kahana is applied [23]. First, we
assume that there exists two sets of orthogonal basis functions,
one for the spatial domain where the unknown parameters are
located, i.e. the parameter space, and one for the space where
the source/receiver antennas are located, i.e. the excitation
space. We denote the orthonormal basis for the parameter
space as{ϕi(~rτ )} and the orthonormal basis for the excitation
space as{φi(~rs, ~rr)}. Thus, we can expand each element of
the matrix in (10) into the form

g(~rτ , ~rν:s)g(~rτ , ~rν:r) =

∞
∑

m=0

∞
∑

n=0

λn
mϕm(~rτ )φn(~rν:s, ~rν:r)

(12)
whereλn

m are the coefficients.
Once again, all(m,n) pairs are denoted by a single index,

κ, such that abs(λκ) are sorted in non-decreasing order. As-
suming the summation over the firstK terms of the expansion
is sufficiently accurate to represent the original function, the
truncated expansion is then written as

g(~rτ , ~rν:s)g(~rτ , ~rν:r) ≈
K

∑

κ=1

λκϕκ:m(~rτ )φκ:n(~rν:s, ~rν:r)

(13)
Nelson and Kahana [23], [27] demonstrated that once the

expansion in (13) is constructed, matrixJ can be decomposed
into the form

J = FΛHT (14)

where

F =









φ1:n(~r1:s, ~r1:r) φ2:n(~r1:s, ~r1:r) · · · φK:n(~r1:s, ~r1:r)
φ1:n(~r2:s, ~r2:r) φ2:n(~r2:s, ~r2:r) · · · φK:n(~r2:s, ~r2:r)

· · · · · · · · · · · ·
φ1:n(~rQ:s, ~rQ:r) φ2:n(~rQ:s, ~rQ:r) · · · φK:n(~rQ:s, ~rQ:r)









(15)

Λ =









λ1 0 · · · 0
0 λ2 · · · 0
· · · · · · · · · · · ·
0 0 · · · λK









(16)

H =









ϕ1:m(~r1) ϕ2:m(~r1) · · · ϕK:m(~r1)
ϕ1:m(~r2) ϕ2:m(~r2) · · · ϕK:m(~r2)

· · · · · · · · · · · ·
ϕ1:m(~rP ) ϕ2:m(~rP ) · · · ϕK:m(~rP )









(17)
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The dimensions of these matrices are:K×K for Λ, Q×K for
F andP ×K for H whereK is the truncation level,Q is the
combination number for all source/receiver pairs andP is the
total number of unknown parameters. Moreover, the matrices
F and H are both (approximately) column orthogonal, i.e.
FT F = HT H = I which is readily proven from the
orthonomalities of the associated basis functions.

Nelson and Kahana also demonstrated in [23] that there
exists an orthogonal matrixS such that

J = (FS)(ST ΛS)(HS)T (18)

where ST ΛS is a non-negative-valued diagonal matrix. By
letting

U = FS
Σ = ST ΛS
V = HS

(19)

equation (18) becomes the SVD of the Jacobian matrix. From
(19) we can see that the left and right singular vectors are
linear combinations of the basis functions in the excitation
space and parameter space, respectively.

From this derivation, it is clear that determining the or-
thonormal bases of the parameter and excitation spaces is es-
sential for the decomposition of the Jacobian matrix. Unfortu-
nately, it is quite difficult to construct such basis functions for
arbitrary spatial domains. In the following section, we focus on
a special 2D case because of its practical importance: a circular
parameter domain with an equispaced circular source/receiver
array.

Fig. 1. Circular imaging domain with equally spaced circular antenna array.

C. Jacobian SVD over a circular parameter domain

The problem analyzed in this section is illustrated in Figure
1. The parameter domain is a circular region with radius
rp. Sources and receivers are equally distributed along a
concentric circle whose radius isrs ≥ rp. The orthonormal
basis functions for a circular parameter domain are the Zernike
polynomials [28], [29] which are defined as

Zn
m(ρ, θ) = Rn

m(ρ/rp) exp(jnθ) (20)

where the radial componentRn
m(ρ) is given by

Rn
m(ρ) =

(m−n)/2
∑

l=0

(−1)l(m − l)!

l!((m + n)/2 − l)!((m − n)/2 − l)!
ρm−2l

(21)

Thus,H in (17) can be written as

H =









β1Z1:m(~r1) β2Z2:m(~r1) · · · βKZK:m(~r1)
β1Z1:m(~r2) β2Z2:m(~r2) · · · βKZK:m(~r2)

· · · · · · · · · · · ·
β1Z1:m(~rP ) β2Z2:m(~rP ) · · · βKZK:m(~rP )









(22)
whereβκ is defined by

βκ =
1

√

|Zκ|
(23)

and |Zκ| =
√

∫

Z2
κ(~r)d~r is the l2-norm of theκ-th Zernike

polynomial.
Given the orthogonal expansion expression (13), the rela-

tionship

λκ:nφκ:n(θν:s, θν:r) =
1

|Zκ:n|

∫

g(~r, ~rν:s)g(~r, ~rν:r)Zκ:n(~r)d~r

(24)
holds. If ΛHT in (14) is denoted byW , then (24) represents
the(ν, κ)-th element of matrixW . By consideringHT H = I,
the singular valuesλ can finally be computed from

λκ:n =
√

||wi||2 (25)

wherewi is the i-th row of matrixW .
The Green’s function in the 2D homogeneous case is given

by

g(~r, ~r′) =
j

4
H

(1)
0 (k0|~r − ~r′|) (26)

with H
(1)
0 being the0-th order Hankel function of the first

kind. By inserting (26) into (24), the integration on the RHS
involves the multiplication of three special functions

λκ:nφκ:n(θν:s, θν:r) = −1
16|Zκ:n|

×
∫

H
(1)
0 (kbk|~r − ~rν:s|)H(1)

0 (kbk|~r − ~rν:r|)Zκ:n(~r)d~r
(27)

The possibility of analytically evaluating this integral is still
under investigation; however, here a numerical solution isused
to verify our analysis.

In the previous derivation, we assumed that the mesh had
uniform sampling density within the parameter domain. We
have constructed a parameter mesh meeting this criterion with
a radius of 6 cm which is surrounded by a 7.6 cm radius
antenna array consisting of 32 equally spaced antennas. Each
antenna transmits a signal at 900 MHz while the remaining 31
antennas act as receivers. The Jacobian matrix in this scheme
is calculated using our nodal adjoint formula (5) and its SVD
is numerically computed. Several right singular vectors were
selected as examples whose values are plotted as distributions
over the parameter mesh (Figure 2). From these plots, the
Zernike polynomialsZ4

4 , Z−4
4 , Z0

4 , Z1
3 , Z−3

5 , Z3
5 , Z0

6 , Z2
6 and

Z4
6 can be identified as the major component of each pattern

as expected.

III. R ESULTS

Analytical decomposition of the Jacobian matrix is only
available in special cases and evaluation of the integration in
(24) is difficult in general. Alternatively, numerical evaluation
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Fig. 2. Magnitude contour plots of right singular vector patterns: (a)|v8|,
(b) |v9|, (c) |v28|, (d) |v29|, (e) |v35|, (f) |v36|, (g) |v46|, (h) |v54|, (i) |v65|.

of the Jacobian matrix for a homogeneous background can be
easily computed even for irregular-shaped parameter domains
and source distributions given the nodal adjoint representation
in (5). In this section, we study the impact of various imag-
ing parameters, including operating frequency, source/receiver
number, domain sizes, background properties and parameter
mesh density, on the singular spectrum of the Jacobian matrix,
and, consequently, the potential quality of the reconstructed
image. Note that the impact of these parameters on the
convergence rate, solution stability and solution error were
not studied here.

The problem configuration used here is identical to that de-
scribed in the previous section except where otherwise noted.
The numerical singular spectrum of the Jacobian matrices
were computed using different system parameters. In order
to compare different spectra, we modified the concept of the
“degree of ill-posedness” discussed in [17] using the following
definition:

Definition 1 (The degree of ill-posedness):if there exists a
positive real numberα, for a singular spectrum{σi}N

i , and
if σi

σ1

= O(exp(−αi)), then, α is called the degree of ill-
posedness of the spectrum.
In practices, due to system noise and limited measurement, to
compute the degree of ill-posedness in asymptotic means is
not possible. In all examples presented in this section, a linear
regression was performed on the series{log(σi)− log(σ1)}N

i

(N is the numerical rank of the Jacobian) where the slope was
used to estimateα.

We first computed the Jacobian singular spectra at various
signal frequencies within the working range of our hardware
system [30], i.e. 100 MHz to 3000 MHz in 100 MHz in-
crements. A log plot of these curves is shown in Figure 3
(a). The portion of the curves below roughly−14 (log scale)
is essentially zero with respect to the compute precision and
has been neglected. From the curve in Figure 3 (b), we can
see that the degree-of-illposedness at 3000 MHz is roughly
1/3 of that at 100 MHz indicating that higher frequencies

provide less redundant information about the target. However,
one should recognize that with the increase in frequency,
the nonlinearity between the measurement data and dielectric
properties becomes more extant requiring a more accurate
initial estimate.

0 200 400 600 800

−25

−20

−15

−10

−5

0

index of singular value (i)

lo
g 10

(|
σ i|)

100MHz 

3000MHz 

(a) 

0 1000 2000 3000
0

0.01

0.02

0.03

0.04

0.05

0.06

operating frequency (MHz)

de
gr

ee
 o

f i
ll−

po
se

dn
es

s 
(α

)

(b) 

Fig. 3. (a) Singular spectra and (b) degree-of-illposedness as a function
of frequency. Note that all Jacobian matrices in this example have rank 496
which is the amount of non-reciprocal measurement data for thiscase.

In a second experiment, we varied the numbers of
sources/receivers surrounding the parameter domain. The an-
tennas were evenly distributed within the array. At 1100 MHz,
their spectra for source numbers ranging from 6 to 60 are plot-
ted in Figure 4 (a). The corresponding degree-of-illposedness
plot is shown as the solid line in Figure 4 (b) along with those
for 700 and 1500 MHz, respectively. These results confirm our
experience that more sources can provide more information
with the degree-of-illposedness being significantly reduced for
higher numbers of antennas. For all three frequencies, the rate
of reduction in ill-posedness slows considerably for an antenna
array count of 35 or more. Figure 4 (b) also demonstrates the
impact of operating frequency as we observed in the first test.
In these cases, the higher operating frequency appears to have
the most significant benefit for antenna numbers roughly in
the range of 8 to 24. An alternative is to plot the degree-
of-illposedness versus the reciprocal of the source spacing
electrical length for different frequencies which is shownin
Figure 5. This plot reveals significant differences between
frequencies implying that the source number and operating
frequency are more dominant parameters than the antenna
spacing in this situation.
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Fig. 4. (a) Singular spectra computed at 1100 MHz for a range of
source/receiver numbers, and (b) the degree-of-illposedness as a function of
source/receiver for three frequencies.

In the third experiment, we studied the effects of imaging
domain sizes. For the circular array configuration (as shown
in Figure 1), we computed the degree-of-illposedness over
a range of source array radii. The plots at 700 MHz, 1100
MHz and 1500 MHz are shown in Figure 6. For all three
frequencies, the degree-of-illposedness increases when the
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Fig. 5. The degree-of-illposedness as a function of the inverse of source
spacing electrical length.

radius of the antenna array expands. This result is consistent
with previous phantom results which showed overall improved
performance for smaller diameter arrays [31].
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Fig. 6. The degree-of-illposedness for various source array radii.

The fourth experiment focused on the effects of the back-
ground medium properties. Utilizing 32 antennas operating
at 1100 MHz, we varied the background dielectric properties
linearly from air to 0.9% saline (ǫr = 77, σ = 1.7 S/m). The
singular spectrum curves are plotted in Figure 7 (a) while the
corresponding degree-of-illposedness is shown in Figure 7(b).
These plots demonstrate that a more lossy background medium
(in most coupling media we have used in our system, the
lossier medium often had higher permittivity as well) produces
a lower degree-of-illposedness although the overall effect is
relatively modest. Further, the SNR of the measurement drops
significantly in very lossy media which has a negative effecton
the reconstruction. Therefore, when choosing the background
medium, both factors should be considered.
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Fig. 7. (a) Singular spectra and (b) degree-of-illposedness for various
background media.

The fifth experiment considered the density of the recon-
struction mesh, or number of property parameter unknowns.
Here, we varied the cell sizes of the reconstruction mesh and

computed the corresponding Jacobian singular spectrum. The
corresponding singular spectrum and degree-of-illposedness
are shown in Figures 8 (a) and (b), respectively. From these
curves, we can make three basic observations: 1) if the
number of unknowns is less than the amount of non-reciprocal
measurement data (equal to the number of sources multiplied
by the number of receivers per source divided by two due
to reciprocity), the singular spectrum drops precipitously at
the number of parameter nodes; 2) when the number of the
unknowns is greater than the number of non-reciprocal mea-
surements (i.e. underdetermined cases), the point where the
spectrum drops is determined by the amount of measurement
data; and 3) increasing the reconstruction mesh density is
helpful in reducing the degree-of-illposedness of the problem;
however, the significance of this reduction is diminished when
the number of unknowns is greater than roughly 2-3 times the
amount of non-reciprocal measurement data (in this case, the
amount of non-reciprocal measurement data is32×31

2 = 496).
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Fig. 8. (a) Singular spectra and (b) degree-of-illposedness for various
parameter densities.

In the sixth experiment, we investigated the impact of using
multi-frequency data in the dispersion reconstruction technique
discussed in [32]. To accomplish this, we repeated the second
experiment while incorporating two (700/1100 MHz) and
three (300/700/1100 MHz) frequency data sets. The degree-of-
illposedness curves were plotted in comparison with that ofthe
single frequency case (1100 MHz) in Figure 9. From the plot,
the reduction inα is roughly 20 to 30% on average. This in-
dicates that the amount of non-reciprocal data increases when
incorporating multi-frequency data into the reconstruction. In
this case, the curve for the three frequency Jacobian has little
difference from that generated from the dual-frequency data
indicating diminished improvement when adding the lowest
(300 MHz) frequency.
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Fig. 9. Degree-of-illposedness for source/receiver numbers computed with
different frequency combinations.

One final experiment compared the log-magnitude phase
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form (LMPF) and traditional complex code reconstructions.As
demonstrated in [33], the LMPF uses a real-valued Jacobian
matrix whereas the latter is equivalent to the complex form
Jacobian except that the property updates are real variables.
The singular spectra of these two Jacobians are exactly the
same which demonstrates that the log-magnitude/unwrapped
phase transform does not alter the singular spectrum of the
Jacobian matrix as expected.

The previous discussion does not take into account mea-
surement noise which is a non-negligible consideration in real
applications. The presence of measurement noise essentially
sets a truncation level above the matrix numerical rank in the
singular spectrum and the maximum extent of the effective
spectrum is consequently constrained by this noise level. In
Hansen’s work [17], a metric termed the “effective resolution
limit” is devised to denote the turning point along the singular
spectrum where the measurement noise begins to dominate the
solution. From the analysis above, the maximum extent of the
effective spectrum is directly related to the resolution inthe
final image and is evident from the orthogonal decomposition
expression (12). In general, the more singular spectrum values
that are included in the reconstruction, the more Zernike poly-
nomials will be used to construct the solution with correspond-
ingly improved image resolution. This conclusion holds not
only for a Jacobian matrix utilizing the Born approximation
(single iteration cases), but also for iterative reconstructions.
Assuming smooth convergence in an iterative reconstruction,
the final image resolution is related to the maximum angular
and radial modes of the Zernike polynomials that correspond
to the full effective spectrum for all iterations. These high
order angular and radial modes are directly constrained by the
noise level in the measurements.

IV. D ISCUSSIONS AND CONCLUSIONS

We analyzed the singular value decomposition of the single-
iteration Jacobian matrix constructed from a discrete adjoint
expression where the contribution to a matrix element is
compactly represented as a sum over an effective nodal volume
and its associated source-receive fields. The analysis provides
insight into the structure of the Jacobian matrix and allows
its influence on the reconstruction process to be evaluated.
We focused on 2D cases with a homogeneous background,
however, the approach can be readily extended to 3D. We
used the degree of ill-posedness which is a measure of the
decay rate in the singular spectrum of the Jacobian as a
convenient metric to compare expected imaging performance
as a function of signal frequency, antenna array density
and diameter, property parameter sampling, and background
properties in a representative imaging geometry. The results
suggest substantial gains with increasing signal frequency
(monotonic improvement to13 of the 0.1GHz value at 3GHz)
and antenna array density (up to about 35 equally-spaced
circumferentially placed elements) but more modest effects
with changes in background properties and antenna array
diameters. Increasing the number of property estimates (to2-
3 times the amount of measurement data) and adding multi-
frequency recordings also offer important benefits in termsof

reducing the degree of ill-posedness. While these results were
generated under the idealized conditions of no measurement
noise, the effect of noise in the data can be accommodated in
the analysis by adjusting the low-end threshold for the accept-
able singular values which is not expected to dramatically alter
the relative relationships between the spectral decay rates that
were used as the basis for comparison. Certainly, SNR is an
important consideration when extrapolating the findings from
this paper (e.g. the desired increase in operating frequency,
antenna element density and background loss) to a practical
hardware installation. Nonetheless, the results reportedhere
should serve as important guidelines in the development of
optimized microwave imaging system designs.

APPENDIX

ISO-SENSITIVITY OVALS AND SURFACES

A single row of the Jacobian matrix represents the sensitiv-
ity map across the imaging domain for a given transmit/receive
antenna pair with respect to perturbations of the parameters
at different locations. For microwave imaging, this sensitivity
map can be expressed through the multiplication of two
Green’s functions of the Helmholtz equation, i.e.

J((~rs, ~rr), ~r) = g(~r, ~rs)g(~r, ~rr) (28)

and the iso-sensitivity curve (in 2D) or surface (in 3D) is
defined by

g(~r, ~rs)g(~r, ~rr) = c (29)

where c is a constant. For differentc values, the curves
defined by (29) comprise a contour plot which illustrates the
measurement sensitivity over space. We present two examples
here. The first is a homogeneous medium in 2D. In this case,
the Green’s function is written as

g(~r, ~rs) =
j

4
H

(1)
0 (k0|~r − ~rs|) (30)

wherek is the complex wave number, and the iso-sensitivity
curve is defined by

H
(1)
0 (k0|~r − ~rs|)H(1)

0 (k0|~r − ~rr|) = c (31)

If ~rs = (7, 0) cm,~rr = (−7, 0) cm, andǫr = 77, σ = 1.7 S/m
are the dielectric properties of the background, the sensitivity
contour plot is shown in Figure 10 a.

Similarly, for an infinitely large homogeneous medium in
3D, the corresponding Green’s function is

g(~r, ~rs) =
exp jk|~r − ~rs|

4π|~r − ~rs|
(32)

We computed the iso-sensitivity surfaces for the case where
~rs = (7, 0, 0) cm and~rr = (−7, 0, 0) cm with the same
electrical properties in the background which are shown in
Figure 10 b.
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Fig. 10. Iso-sensitivity curves (or surfaces) for an infinitely large (a) 2D and
(b) 3D homogeneous background medium.
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